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Fundamental Limitation on the Detectability of Entanglement
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Entanglement detection is essential in quantum information science and quantum
physics. T has beon proved thal entanglement, exists almost surely for a random quan

while the of cffective

eriteria usually consume exponentially)

sources with regard to system size or qubit number, and efficient criteria often perfo
without prior knowledge. This fact implies a fandamental limitation might exist in the dc

trade-off by

of entanglement. In this work, we this ion as a

y and i of cri
tion ility of 1 criteria th

a via a systematic method to evaluate

prove that any entanglement eriterion needs exponentially many observables o detect
glement cffectively when restricted to single-copy operations. Otherwise, the detection
of the criterion will decay double exponentially. Furthermore, if multicopy joint, measurd

For a system coupled to an envirof

allowed, the of det

tion can be wh

a quantum

quantum phcnunwm are difficult to observe in ldrg\: noisy systems.

Quantum information technology promises advance-
ment in various information processing tasks. Currently,

‘we are in a stage where noisy intermediate-scale quantum

devices [1] with 50 to 200 qubits can be well manipulated
to demonstrate quantum advantages [2-0]. For these de-
vices, entanglement generation is regarded as an impor-
tant benchmark, while the verification of systems with

only 18 qubits is already challenging [0]. This is rather
counterintuitive as entangled states have been proved to

constitute a large proportion of state space [7-1], even
for highly mixed states [10].

Among the various detection methods, entanglement

witness (EW) criteria are rather straightforward and the

most commonly used ones in experiments [0, 11]. How-

ever, much evidence shows that the EW criteria are

only effective with precise prior knowledge of the target

state [12]. Unpredictable noises in the state preparation

could significantly reduce the suceess probability for EW
protocols.

To solve this problem, researchers have developed non-
linar entanglement criteria, such as positive map crite-
ria, including the well-known positive partial transpo-
sition (PPT) eriterion [1.], eomputable cross norm or
realignment (CCNR) criterion [14], and symmetric ex-
tension criterion [15]. Although more effective than EW
criterion, checking these nonlinear criteria relies heavily
on state tomography, which is experimentally unafford-
able. In the last few decades, many efforts have been
devoted to modifying these powerful entanglement cri-
teria, such as the positive map criteria, to avoid state

te-scale quantum devices avail-
able, entanglement criteria have been applied to vari-
ous physical systems. For these experiments, the exper-
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Our results may shed ligl

imental feasibility — low sample
copy compatibility becomes
criterion design. Protocols like thi
and CCNR criteria [15-21] are prq
be realized by single-copy and qul
when combined with the randomizq
niques [22-21]. Although much m
tomography, these methods still n-(
that scales e i

In addition to EW and mvmmlt
other studies investigating th
of some specific entanglement cri
gest that a trade-off may exist bef]
and the efficiency of entanglement
general and quantitative study is

In this work, we develop a systi
per bound the detection capabilit]
ment criteria, including EW, posil
entanglement criteria. We furthe]
entanglement criteria with single-
and theoretically formulate the fun|
tween efficiency and effectiveness,
we give an informal version.

Theorem 1 (Trade-off between Kl
ness, Informal). To detect the entd
state coupled to a k-dimensional
tanglement criterion that can be
with M observables is either

[

. Inefficient: The eriterion ref
observables to verify, or

e

. Ineffective: The criterion ed
ment successfully with a pi
cven if the state is entangled

Explicitly speaking, we investig
within a bipartif stem AL, and

rification with dimension k. The
as a whole is in a random pure state. Sys
regarded as the environment of AB, reprey
the uncontrollable noise or some system
concern. Such a composite system ABR
in many-body physics as it can be generated
Hamiltonian. Note that & usually scales
with the environment size. So, according
the nulllbu of observables increases expor
the detection capability decreases double
with the environment size.

To formalize our study quantitatively, hj
formal definition of density state distributi

Defis n 1 (k-induced Distribution of
trix). map is the distribution in D(H) i
uniformdistribution of pure states in H
the dimensions of H and Mg arc d and k r|
state p following the distribution mqx can bd
p = tra(IEXaD), where |#) is a Haar-meast]
in HeHn.

Let us start with EW criteria. An EW is
W, satisfying tr(Wp) > 0,¥p € SEP whes
set of all separable states. Define the detect|
ol an EW criterion with W as

G = Pr [w(We) <0,

which represents the portion of states th
tect. Without loss of generality, hereaftef
the two subsystems A and B arc cqual

d. Tt has been proved that w
s some constant, a state following
s entangled with probability 1 asym|

Throughout the Letter, we will always ass
50 that the definition of Cx(W) can also be
ratio of detected states to all entangled stal

Using Laurent-Massart’s lemma [33], we
upper bound of the detection capability of

Theorem 2 (Detection Capability of EW (
deteetion capability of an EW criterion wii
least exponentially with the dimension of th

Ci(W) < 2¢ VITa l)’kszc [E3

tr(W
r(W?) —

where a = > 1[5/} is o witness-a

tor.

We show the prool of Theorem 2 intuiti
‘When k is large, the state distribution
near the surface of the set of separable st
tanglement witness can only deteet stal
dimensional spherical cap due to the
te(Wp) > 0,Vp € SEP. Since a spherical
dimensional space is exponentially small co
ball, Ce(W) also suffers from an exponentil
tailed proofs of this theorem and the rest

in the Appendix.

mation protocols exist [27, 37]. However, Theorem 2 tells
us that such an entanglement witness performs extremely
weak in the sense that its detection capability also de-

creases with system size since a = —HL i,

W)
As a result,

(5~ or) - o . 0

To make our results more convineing, we conduet. sev-
eral numerical experiments, as shown in Fig. 2. We gen-
crate random states according to distribution 7y, with
different values of d and k and use the two kinds of EWs
discussed above to detect it. From Fig. 2(a), one could
find that the detection capabilities of all types of EWs
exponentially decay with k. Besides, the slopes of the
faithful EW with d = 1 and two PP'I' EWs arc almost
the same, which fulfills the prediction of Theorem 2 as
a = 1 for these three EWs. The slope of the hful EW
with d = 9 is smaller than the other three EWs, reflect-
ing that the value of a for faithful EWSs increases with
system dimension. ln Fig. 2(b), we mvcstlga.tc the rcla—
tion between bility and system

One could find that the detec of PPT-
type EWs have no apparent changes when increasing the
system dimension. In comparison, the detection capabil-
ity of faithful EWs shows exponential decaying behavior,
and the slopes decrcase as k increases. These phenomena
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FIG. 2. Scaling of detect

on capability of EW criteria with
regard to (a) the environment, dimension k and (b) the system
dimension da = dp. To numerically calculate the detection
capability, we gencrate 10° density matrices following .
for cach point_and treal them as bipartite states pay with

~ dn ~ Vd. For each randomly generated state, we use
two kinds of EWs to detect it: the PPT type EWs W =
[$4$]™ and the faithful EWs W = J — [}, Here |4)

is a random state and [) = U @ Uy V3 [i1) is a random
maximally entangled state, where Ua and Up follow Ilaar-
measure distribution for each randomly sampled state pan
The straight lincs arc lincar regression results with absolute
slopes all larger than the slopes predicted by Theorem 2

Since EW criteria highly depend on prior knowledge
to succeed, a direet improvement is to combine a large
number of EWs. Naturally, we define an EW sct W =
{Wi,i— 1---N} and the corresponding detection capa-

The delinition of a parameterized EW eriterion nat-
urally covers positive map criteria. If a state p does
not satisfy Ay ® Ig(p) > 0 for a positive map A/, then
Al : tr [pNa ®HD(I¢X¢DI < U Regarding |¢) as the pa-
rameters @ in theore x 1
rectly. We leave the dntallml x] .

Another example of parameterized EW is the [aith-
ful cntanglement, proposed in [3%], which refers to
those entangled states detected by faithful EWs as de-
fined before.  We define a parameterized EW that is
equivalent to all the faithful EWs as Muinaa(0) =

(V2= Z) (g~ 1e@e), where [6(0)) s a

maximally entangled state [10].  One could prove
that Mpguna(0) is at least v2-Lipschitz and o, =

i, 4 ;
dofd o ‘/; when d is large. So that an upper bound

for the ratio of [aithful entangled states can be summa-
rized below using Theorem 3.

Corallary 1 (Ratio of Faithful Entanglement Statcs).
The set of faithful d states has an

small ratio in the state space:

FNI;r [p € FE| = C} (M) < 212K (12)

where FT, @ the st of ail fuithful entongled states and
Jos+ /i 1) 2

“This result shows when k = Q(vdInd), the faithful
EWs can hardly deteet entanglement, which is compati-
ble with the numerical results shown in Ref. [10].

Besides positive map and faithlul criteria, there are
many other entanglement criteria designed for differ-
ent scenarios, like the one based on the state mo-
ments [15, 11], uncertainty relations [12, 1], and
machine learning [11, 17]. They may use complex math-
ematical relations and complicated postprocessing to de-
tect the entanglement. While linited by the basic princi-

ples of and current technol only
vu]“(‘s like tr(Op) can be measured dircetly, Hence, we
propose a general d on of entanglen iter

single-copy realization

~ 3dIndd, ¢y — (

Definition 3 (Single-Copy Criteria). An entanglement
criterion s said to have a single-copy realization if it
can be checked by the expectation of a set of observables

= {Oili=1,--- ,M}. After the mensurement, one
gels the resulls, rp; = tr(Qp),i = 1,--- , M, and can
decide the feasible region Fo(p) of the state

Folp) = {o € D(Ha)|tr(Oi0) = 1pi = 1,7+, M}i 3
I '
Folp) NSEP = 2, (11)

then p is entangled.

Aceording to this definition, we e
tion capability of the single-copy eriterion @ as

2(0) = Pr [Fol(p) NSEP = o). (15)
s
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FIG. 3. Detection capability of four nonlinear criteria, Ilere
for each point, we generate 10" states p € D(Ha @ Ha) with
distribution 715 and caleulate the detection capability of
four different nonlinear entanglement criteria. The four in-
clined straight lines are linear regression results on the last
several points with absolute slopes all larger than the ones
predicted by Theorem 4.

resourees [ 1, 21, 24, 17, 15]. From another point of view,
if not restricted to single-copy operations, some of these
eriteria can be realized by only a few multicopy observ-
ables, implying a quantum advantage in entanglement
detection tasks by joint operations [19].

We can prove this advantage in some special cases.
Let dy = dp = k = +/d, the distributions of tr(p3) and
(g ) = tr(p}) are completely the same as systems A
and 1? are symmetric. Hence, using the purity criterion,
ie. tr(phy) < tr(p}) Vp € SEP, the detection capability
is 0.5 and the eriterion can be verified using just one two-
copy observable, tr(phg) —tr(p?) = tr[(Sas — S4)p5%]
where § is the SWAP operator. So we can summarize the
results below.

Corollary 2 (Quantum Advantage in Entanglement De-
tection). Consider a state following =, g disiribution,

and da = dp = V. With only single-copy measure-
ments, M = Q(ﬁ) observables are required for any eri-
terion with detection capability greater than 0.5. How-
ever, if multicopy joint measurements are allowed, one
can detect with o capability equaling 0.5 with only one
two-copy observable.

Beyond Definition 3, adaptive mLthuds wu]d .slm be
used to increase of
In the Appendix, we give similar results as Tlummm 4
and Corollary 2 for adaptive methods. It should be no-
ticed that the quantum advantage in Corollary 2 enly
holds in terms of the number of observables. While con-
sidering real-world experiments where multicopy mea-
surements may require much more resources than single-
copy ones, will Lhe advantage still hold soundly? Besides,
will Theorem 4 holds when a small false-positive error
rate is allowed? We will leave these questions to future
work.

Meanwhile, our result also holds for some other typi-
cal state distributions. For example, we can show that
Theorem 4 applies to random thermal states, which is
widely used in quantim thermodynamics (7). In the Ap-
pendix, we present some mumerical results demonstrating
the exponential decay behavior of detection capabilities
for random thermal states.
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